
Hybrid Type Checking

CormacFlanagan
Departmentof ComputerScience

Universityof California,SantaCruz
cormac@cs.ucsc.edu

Abstract
Traditionalstatictype systemsarevery effective for verifying ba-
sic interfacespeci�cations,but aresomewhat limited in thekinds
speci�cationsthey support.Dynamically-checkedcontractscanen-
force moreprecisespeci�cations,but thesearenot checkeduntil
run time,resultingin incompletedetectionof defects.
Hybrid typechecking is a synthesisof thesetwo approachesthat
enforcespreciseinterfacespeci�cations,via staticanalysiswhere
possible,but alsovia dynamiccheckswherenecessary. This paper
exploresthe key ideasand implicationsof hybrid type checking,
in thecontext of thesimply-typed� -calculuswith arbitraryre�ne-
mentsof basetypes.

Categoriesand SubjectDescriptors D.3.1 [ProgrammingLan-
guages:Formal De�nitions and Theory]: speci�cation andveri�-
cation

GeneralTerms Languages,Theory, Veri�cation

Keywords Type systems,contracts, static checking, dynamic
checking

1. Motivation
The constructionof reliable softwareis extremely dif�cult. For
large systems,it requiresa modular developmentstrategy that,
ideally, is basedon preciseandtrustedinterfacespeci�cations.In
practice,however, programmerstypically work in the context of
a large collectionof APIs whosebehavior is only informally and
impreciselyspeci�ed and understood.Practicalmechanismsfor
specifyingand verifying precise,behavioral aspectsof interfaces
areclearlyneeded.

Statictype systemshave proven to be extremelyeffective and
practical tools for specifyingand verifying basic interfacespec-
i�cations, and are widely adoptedby most softwareengineering
projects.However, traditionaltypesystemsaresomewhatlimited in
thekindsof speci�cationsthey support.Ongoingresearchonmore
powerful typesystems(e.g., [45, 44, 17, 29,11]) attemptsto over-
comesomeof theserestrictions,via advancedfeaturessuchasde-
pendentandre�nementtypes.Yet thesesystemsaredesignedto be
statically typesafe, andso thespeci�cationlanguageis intention-
ally restrictedto ensurethat speci�cationscanalwaysbechecked
statically.
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In contrast,dynamiccontract checking [30, 14, 26, 19, 24, 27,
36, 25] provides a simple methodfor checkingmore expressive
speci�cations.Dynamiccheckingcaneasilysupportprecisespeci-
�cations, suchas:

- Subrangetypes,e.g., the functionprintDigit requiresan in-
tegerin therange[0,9].

- Aliasing restrictions,e.g., swaprequiresthat its argumentsare
distinctreferencecells.

- Orderingrestrictions,e.g., binarySearc h requiresthat its ar-
gumentis asortedarray.

- Sizespeci�cations,e.g., thefunctionserializeM atr ix takes
asinputamatrix of sizen by m, andreturnsaone-dimensional
arrayof sizen � m.

- Arbitrary predicates:an interpreter(or codegenerator)for a
typedlanguage(or intermediaterepresentation[39]) mightnat-
urally requirethat its input be well-typed,i.e., that it satis�es
thepredicatewellTyped : Expr ! Bool.

However, dynamiccheckingsuffersfrom two limitations.First,
it consumescyclesthat could otherwiseperformusefulcomputa-
tion. Moreseriously, dynamiccheckingprovidesonly limited cov-
erage– speci�cationsare only checkedon datavaluesand code
pathsof actualexecutions.Thus,dynamiccheckingoften results
in incompleteandlate(possiblypost-deployment)detectionof de-
fects.

Thus,thetwin goalsof completecheckingandexpressivespec-
i�cations appearto beincompatiblein practice.1 Statictypecheck-
ing focuseson completecheckingof restrictedspeci�cations.Dy-
namic checking focuseson incomplete checking of expressive
speci�cations.Neither approachin isolation provides an entirely
satisfactorysolutionfor checkingpreciseinterfacespeci�cations.

In thispaper, we describeanapproachfor validatingprecisein-
terfacespeci�cationsusinga synthesisof staticanddynamictech-
niques.By checkingcorrectnesspropertiesand detectingdefects
statically(whenever possible)anddynamically(only whenneces-
sary), this approachof hybrid type checking provides a potential
solutionto thelimitationsof purely-staticandpurely-dynamicap-
proaches.

We illustratethekey ideaof hybrid typecheckingby consider-
ing thetyperule for functionapplication:

E ` t1 : T ! T 0 E ` t2 : S E ` S < : T
E ` (t1 t2 ) : T 0

1 Completecheckingof expressive speci�cations could be achieved by
requiringthateachprogrambeaccompaniedby aproof (perhapsexpressed
as type annotations)that the programsatis�es its speci�cation, but this
approachis too heavyweightfor widespreaduse.
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Figure 1. Hybrid typecheckingon variousprograms.

This rule usestheantecedentE ` S < : T to checkcompatibility
of the actualand formal parametertypes.If the type checkercan
prove this subtypingrelation, then this applicationis well-typed.
Conversely, if the typecheckercanprove that this subtypingrela-
tion doesnot hold, thentheprogramis rejected.In a conventional,
decidabletypesystem,oneof thesetwo casesalwaysholds.

However, oncewe considerexpressive type languagesthat are
not staticallydecidable,thetypecheckermayencountersituations
whereitsalgorithmscanneitherprove,norrefute,thesubtypejudg-
mentE ` S < : T (particularlywithin thetimeboundsimposedby
interactive compilation).A fundamentalquestionin the develop-
mentof expressivetypesystemsis how to dealwith suchsituations
wherethecompilercannotstaticallyclassifytheprogramaseither
ill-typed or well-typed:

- Staticallyrejectingsuchprogramswould causethecompilerto
rejectsomeprogramsthat,on deeperanalysis,couldbeshown
to be well-typed. This approachseemstoo brittle for use in
practice,sinceit would be dif�cult to predictwhich programs
thecompilerwouldaccept.

- Statically acceptingsuch programs(basedon the optimistic
assumptionthat the unproven subtyperelationsactuallyhold)
mayresultin speci�cationsbeingviolatedat run time,which is
undesirable.

Hence,wearguethatthemostsatisfactoryapproachis for thecom-
piler to acceptsuchprogramson a provisional basis,but to insert
suf�cient dynamicchecksto ensurethat speci�cation violations
never occurat run time. Of course,checkingthatE ` S < : T at
run time is still a dif�cult problemandwould violatetheprinciple
of phasedistinction[9]. Instead,ourhybridtypecheckingapproach
transformstheabove applicationinto thecode

t1 (hS B Ti t2)

wheretheadditionaltypecastor coercionhS B Ti t 2 dynamically
checksthatthevalueproducedby t2 is in thedomaintypeT. Note
thathybrid typecheckingsupportsvery precisetypes,andT could
in factspecifyadetailedpreconditionof thefunction,for example,
that it only acceptsprime numbers.In this case,the run-timecast
would involve performinga primality check.

Thebehavior of hybrid type checkingon variouskindsof pro-
gramsis illustratedin Figure1. Although every programcan be
classi�edaseitherill-typed or well-typed,for expressive typesys-
temsit is not alwayspossibleto makethis classi�cationstatically.
However, the compiler can still identify some(hopefully many)
clearly ill-typed programs,which are rejected,and similarly can
identify someclearlywell-typedprograms,whichareacceptedun-
changed.

For the remainingsubtleprograms,dynamictype castsare in-
sertedto checkany unveri�ed correctnesspropertiesat run time.
If the original programis actually well-typed, thesecastsare re-
dundantandwill never fail. Conversely, if theoriginal programis
ill-typed in a subtlemannerthatcannoteasilybedetectedat com-
pile time, theinsertedcastsmayfail. As staticanalysistechnology

E
xp

re
ss

ive
ne

ss

Coverage

Dynamic
Checking

Type
Checking

Full
Program

Veri�cation

Hybrid
Type

Checking

100%

Figure 2. Roughsketchof the relationshipbetweenhybrid type
checking,dynamicchecking,typechecking,andfull programver-
i�cation.

improves,we expectthat the category of subtleprogramsin Fig-
ure1 will shrink,asmoreill-typed programsarerejectedandmore
well-typedprogramsarefully veri�ed at compiletime.

Hybrid typecheckingprovidesseveraldesirablecharacteristics:

1. It supportspreciseinterfacespeci�cations,which areessential
for modulardevelopmentof reliablesoftware.

2. As many defectsas is possibleand practicalare detectedat
compile time (and we expect this set will increaseas static
analysistechnologyevolves).

3. All well-typedprogramsareacceptedby thechecker.

4. Due to decidability limitations, the hybrid type checkermay
staticallyacceptsomesubtlyill-typed programs,but it will in-
sertsuf�cient dynamiccaststo guaranteethatspeci�cationvi-
olationsneveroccur;they arealwaysdetected,eitherstatically
or dynamically.

5. The outputof the hybrid type checkeris alwaysa well-typed
program(andso, for example,type-directedoptimizationsare
applicable).

6. If the sourceprogramis well-typed, then the insertedcasts
are guaranteedto succeed,and so the sourceand compiled
programsarebehaviorally equivalent(or bisimilar).

Figure 2 containsa rough sketchof the relationshipbetween
hybrid typecheckingandprior approachesfor programchecking,
in termsof expressiveness(y-axis)andcoverage(x-axis).Dynamic
checkingis expressivebut obtainslimited coverage.Typechecking
obtains full coveragebut has somewhat limited expressiveness.
In theory, full programveri�cation could provide full coverage
for expressive speci�cations,but it is intractablefor all but small
programs.Motivatedby theneedfor moreexpressivespeci�cation
languages,thecontinuumbetweentypecheckingandfull program
veri�cation is beingexploredby a rangeof researchprojects(see,
for example,[37, 5, 23, 45]). Thegoalof thispaperis to investigate
theinteriorof thetrianglede�ned by thesethreeextremes.



Our proposedspeci�cationsextendtraditionalstatictypes,and
so we view hybrid type checkingas an extensionof traditional
static type checking.In particular, hybrid type checkingsupports
precisespeci�cationswhile preservinga key bene�t of statictype
systems;namely, the ability to detectsimple, syntacticerrorsat
compile time. Moreover, aswe shall see,for any decidablestatic
type checkerS, it is possibleto developa hybrid type checkerH
thatperformssomewhatbetterthanS in thefollowing sense:

1. H dynamicallydetectserrorsthatwouldbemissedby S, since
H supportsmoreprecisespeci�cationsthanS andcandetect
violationsof thesespeci�cationsdynamically.

2. H staticallydetectsall errorsthatwouldbedetectedby S, since
H canstaticallyperformthesamereasoningasS.

3. H actuallydetectsmoreerrorsstaticallythanS, sinceH sup-
portsmoreprecisespeci�cations,andcould reasonablydetect
someviolationsof theseprecisespeci�cationsstatically.

Thelastpropertyis perhapsthemostsurprising;Section6 contains
a proof thatclari�es this argument.

Hybrid typecheckingmayfacilitiatetheevolutionandadoption
of advancedstatic analyses,by allowing softwareengineersto
experimentwith sophisticatedspeci�cation strategies that cannot
(yet)beveri�ed statically. Suchexperimentscanthenmotivateand
direct static analysisresearch.In particular, if a hybrid compiler
fails to decide(i.e., verify or refute) a subtypingquery, it could
sendthatquerybackto thecompilerwriter. Similarly, if a hybrid-
typedprogramfails a compiler-insertedcasthS B Ti v, thevaluev
is a witnessthat refutesan undecidedsubtypingquery, and such
witnessescould also be sent back to the compiler writer. This
informationwouldprovideconcreteandquanti�ablemotivationfor
subsequentimprovementsin thecompiler's analysis.

Indeed,just like differentcompilersfor thesamelanguagemay
yield objectcodeof differentquality, we might imaginea variety
of hybrid typecheckerswith differenttrade-offs betweenstaticand
dynamicchecks(andbetweenstaticanddynamicerrormessages).
Fastinteractive hybridcompilersmight performonly limited static
analysisto detectobvious typeerrors,while productioncompilers
couldperformdeeperanalysesto detectmoredefectsstaticallyand
to generateimprovedcodewith fewer dynamicchecks.

Hybrid type checkingis inspiredby prior work on soft typ-
ing [28, 42, 3, 15], but it extendssoft typingby rejectingmany ill-
typedprograms,in thespirit of statictypecheckers.Theinteraction
betweenstatictyping anddynamiccheckshasalsobeenstudiedin
thecontext of typesystemswith thetype Dynamic[1, 38], andin
systemsthatcombinedynamiccheckswith dependanttypes[35].
Hybrid typecheckingextendstheseideasto supportmoreprecise
speci�cations.

The generalapproachof hybrid type checkingappearsto be
applicableto a variety of programminglanguagesandto various
speci�cation languages.In this paper, we illustrate the key ideas
of hybrid type checking for a fairly expressive dependenttype
systemthat is statically undecidable.Speci�cally, we work with
anextensionof thesimply-typed� -calculusthatsupportsarbitrary
re�nementsof basetypes.

Thislanguageandtypesystemis describedin thefollowing sec-
tion. Section3 thenpresentsa hybrid type checkingalgorithmfor
this language.Section4 illustratesthis algorithm on an example
program.Section5 veri�es key correctnesspropertiesof our lan-
guageand compilationalgorithm. Section6 performsa detailed
comparisonof the staticandhybrid approachesto type checking.
Section7 discussesrelatedwork, andSection8 describesopportu-
nitiesfor futureresearch.

Figure3: Syntax

s; t ::= Terms:
x variable
c constant
�x :S: t abstraction
(t t) l application
hS B Ti l t typecast

S;T ::= Types:
x :S ! T dependentfunctiontype
f x :B j tg re�nementtype

B ::= Basetypes:
Int basetypeof integers
Bool basetypeof booleans

E ::= Environments:
; emptyenvironment
E ; x : T environmentextension

2. The Language� H

This sectionintroducesa variant of the simply-typed� -calculus
extendedwith castsandwith precise(andhenceundecidable)re-
�nement types.We referto this languageas� H .

2.1 Syntaxof � H

Thesyntaxof � H is summarizedin Figure3. Termsincludevari-
ables,constants,functions,applications,andcasts. Thecast hS B
Ti t dynamicallychecksthattheresultof t is of typeT (in aman-
nersimilar to coercions[38], contracts[13, 14], andto type casts
in languagessuchasJava[20]). For technicalreasons,thecastalso
includesthat statictype S of the term t. Typecastsareannotated
with associatedlabelsl 2 Label, which areusedto maprun-time
errorsback to locationsin the sourceprogram.Applicationsare
alsoannotatedwith labels,for similar reasons.For clarity, we omit
theselabelswhenthey areirrelevant.

The� H type languageincludesdependentfunctiontypes[10],
for which we use the syntax x : S ! T of Cayenne[4] (in
preferenceto the equivalent syntax � x : S: T). Here, S is the
domaintypeof thefunctionandtheformalparameterx mayoccur
in the rangetype T. We omit x if it doesnot occur free in T,
yielding thestandardfunctiontypesyntaxS ! T.

WeuseB to rangeoverbasetypes,whichincludesat leastBool
andInt . As in many languages,thesebasetypesarefairly coarse
andcannot,for example,denoteinteger subranges.To overcome
this limitation, we introducebasere�nementtypesof theform

f x :B j tg

Here,thevariablex (of typeB ) canoccurwithin thebooleanterm
or predicatet. Thisre�nementtypedenotesthesetof constantsc of
typeB thatsatisfythispredicate,i.e., for which thetermt[x := c]
evaluatesto true.Thus,f x : B j tg denotesa subtypeof B , andwe
usea basetypeB asanabbreviationfor thetrivial re�nementtype
f x :B j true g.

Ourre�nementtypesareinspiredby prior workondecidablere-
�nement typesystems[29,17,11,45, 44, 35].However, ourre�ne-
menttypessupportarbitrarypredicates,andthis expressive power
causestype checkingto becomeundecidable.For example,sub-
typing betweentwo re�nement typesf x : B j t 1g andf x : B j t2g



reducesto checkingimplicationbetweenthecorrespondingpredi-
cates,which is clearlyundecidable.Thesedecidabilitydif�culties
arecircumventedby ourhybridtypecheckingalgorithm,whichwe
describein Section3.

Thetype of eachconstantis de�ned by the following function
ty : Constant! Type, andthesetConstantis implicitly de�ned as
thedomainof thismapping.

true : f b:Bool j bg
false : f b:Bool j not bg

, : b1 :Bool ! b2 :Bool ! f b:Bool j b , (b1 , b2 )g
not : b:Bool ! f b0:Bool j b , not bg

n : f m : Int j m = ng
+ : n : Int ! m : Int ! f z : Int j z = n + mg

+ n : m : Int ! f z : Int j z = n + mg
= : n : Int ! m : Int ! f b:Bool j b , (n = m)g

if T : Bool ! T ! T ! T
fix T : (T ! T) ! T

A basicconstantis aconstantwhosetypeis abasere�nementtype.
Eachbasicconstantisassignedasingletontypethatdenotesexactly
that constant.For example,the type of an integer n denotesthe
singletonsetf ng.

A primitive functionis a constantof function type.For clarity,
we usein�x syntaxfor applicationsof someprimitive functions
(e.g., + , = , , ). Thetypesfor primitive functionsarequiteprecise.
For example,thetypefor theprimitive function+ :

n : Int ! m : Int ! f z : Int j z = n + mg

exactly speci�es that this function performsaddition.That is, the
term n + m hasthe type f z : Int j z = n + mg denotingthe
singletonsetf n + mg. Note that even thoughthe type of “+ ” is
de�ned in termsof “+ ” itself, this doesnot causeany problems
in our technicaldevelopment,since the semanticsof re�nement
predicatesis de�ned in termsof theoperationalsemantics.

The constantfix T is the �xpoint constructorof type T, and
enablesthede�nition of recursive functions.For example,thefac-
torial functioncanbede�ned as:

fix Int ! Int

�f : (Int ! Int ): �n : Int :
if Int (n = 0) 1 (n � (f (n � 1)))

Re�nementtypescanexpressmany precisespeci�cations,such
as:

- printDigi t : f x : Int j 0 � x ^ x � 9g ! Unit .

- swap : x :RefInt ! f y :RefInt j x 6= yg ! Bool .

- binarySea rch : f a:Array j sorted ag ! Int ! Bool .

Here, we assumethat Unit , Array , and RefInt are additional
basetypes,andthe primitive function sorted : Array ! Bool
identi�es sortedarrays.

2.2 Operational Semanticsof � H

We next describethe run-time behavior of � H terms,since the
semanticsof thetypelanguagedependson thesemanticsof terms.
The relation s � ! t performsa single evaluationstep,and the
relation� ! � is there�exive-transitive closureof � ! .

As shown in Figure 4, the rule [E-� ] performsstandard� -
reduction of function applications.The rule [E-PRIM] evaluates
applicationsof primitive functions.This rule is de�ned in terms
of thepartialfunction:

[[�]] � : Constant� Term! p Term

Figure4: Evaluation Rules

Evaluation s � ! t

(�x :S: t) s � ! t [x := s] [E-� ]

c t � ! [[c]](t ) [E-PRIM]

h(x :S1 ! S2 ) B (x :T1 ! T2 )i l t [E-CAST-F]
� !

�x :T1 : hS2 B T2 i l (t (hT1 B S1 i l x))

hfx :B j sg B f x :B j tgi c � ! c [E-CAST-C]
if t [x := c] � ! � true

C[s] � ! C[t ] if s � ! t [E-COM PAT]

Contexts C

C ::= � j � t j t � j hS B Ti �

which de�nesthesemanticsof primitive functions.For example:

[[not ]](true ) = false
[[+]](3) = + 3

[[+ 3]](4) = 7
[[not ]](3) = unde�ned

[[if T ]](true ) = �x :T: �y :T: x
[[if T ]](false ) = �x :T: �y :T: y

[[fix T ]](t ) = t (fix T t )

Theoperationalsemanticsof castsis a little morecomplicated.
As describedby the rule [E-CAST-F], casting a term t of type
x :S1 ! S2 to a functiontypex :T1 ! T2 yieldsa new function

�x :T1 : hS2 B T2 i l (t (hT1 B S1 i l x))

This function is of the desiredtype x : T1 ! T2 ; it takesan
argumentx of type T1 , castsit to a value of type S1 , which is
passedto theoriginalfunctiont, andtheresultof thatapplicationis
thencastto thedesiredresulttypeT2 . Thus,higher-ordercastsare
performedalazyfashion– thenew castshS2 B T2 i l andhT1 B S1 i l

areperformedat every applicationof the resultingfunction, in a
mannerreminiscentof higher-ordercontracts[14]. If eitherof the
two new castsfail, their label l thenassignstheblamebackto the
originalcasth(x :S1 ! S2 ) B (x :T1 ! T2 )i l .

The rule [E-CAST2] dealswith castinga basicconstantc to a
basere�nementtypef x :B j tg. This rule checksthatthepredicate
t holdson c, i.e., thatt [x := c] evaluatesto true .

Notethatthesecastsinvolve only tagchecks,predicatechecks,
andcreatingcheckingwrappersfor functions.Thus,our approach
adheresto theprincipleof phaseseparation[9], in that thereis no
typecheckingof actualprogramsyntaxat run time.

2.3 The � H Type System

We next describethe(undecidable)� H typesystemvia thecollec-
tion of typejudgmentsandrulesshown in Figure5. Thejudgment
E ` t : T checksthatthetermt hastypeT in environmentE ; the
judgmentE ` T checksthatT is a well-formedtype in environ-
mentE ; andthejudgmentE ` S < : T checksthatS is a subtype
of T in environmentE .



Figure 5: Type Rules

Typerules E ` t : T

(x : T) 2 E
E ` x : T

[T-VAR]

E ` c : ty(c)
[T-CONST]

E ` S E ; x : S ` t : T
E ` (�x :S: t) : (x :S ! T)

[T-FUN]

E ` t1 : (x :S ! T) E ` t2 : S
E ` t1 t2 : T [x := t2 ]

[T-APP]

E ` t : S E ` T
E ` hS B Ti t : T

[T-CAST]

E ` t : S E ` S < : T E ` T
E ` t : T

[T-SUB]

Well-formedtypes E ` T

E ` S E ; x : S ` T
E ` x :S ! T

[WT-ARROW]

E ; x : B ` t : Bool
E ` f x :B j tg

[WT-BASE]

Subtyping E ` S < : T

E ` T1 < : S1 E; x : T1 ` S2 < : T2

E ` (x :S1 ! S2 ) < : (x :T1 ! T2 )
[S-ARROW]

E ; x : B ` s ) t
E ` f x :B j sg < : f x :B j tg

[S-BASE]

Implication E ` s ) t

8� : (E j= � and� (s) ! � true implies� (t) ! � true )
E ` s ) t

[IM P]

ConsistentSubstitutions E j= �

; j= ;
[CS-EM PTY]

; ` t : T (x := t)E j= �
x : T; E j= (x := t; � )

[CS-EXT]

Therulesde�ning thesejudgmentsaremostlystraightforward.
The rule [T-APP] for applicationsdiffers somewhat from the rule
presentedin the introductionbecauseit supportsdependentfunc-
tion types,andbecausethesubtypingrelationis factoredout into
the separatesubsumptionrule [T-SUB]. We assumethat variables
areboundatmostoncein anenvironment.As customary, weapply
implicit � -renamingof boundvariablestomaintainthisassumption
andto ensuresubstitutionsarecapture-avoiding.

Thenovel aspectsof thissystemarisefrom its supportof re�ne-
menttypes.Recall that a type f x : B j tg denotesthe setof con-
stantsc of type B for which t[x := c] evaluatesto true . We use
two auxiliary judgmentsto expressthe correctsubtypingrelation
betweenre�nementtypes.TheimplicationjudgmentE ` t 1 ) t2

holdsif wheneverthetermt1 evaluatesto true thent2 alsoevalu-
atesto true . This relationis de�ned in termsof substitutionsthat
areconsistentwith E . Speci�cally, a substitution� (from variables
to terms)is consistentwith the environmentE if � (x) is of type
E(x) for eachx 2 dom(E). Finally, the rule [S-BASE] statesthat
thesubtypingjudgmentE ` f x :B j t1g < : f x :B j t2g holdsif

E ; x : B ` t1 ) t2

meaningthat every constantof type f x : B j t 1g also has type
f x :B j t2g.

As anexample,thesubtypingrelation:

; ` f x : Int j x > 0g < : f x : Int j x � 0g

follows from thevalidity of theimplication:

x : Int ` (x > 0) ) (x � 0)

Of course,checkingimplication betweenarbitrary predicatesis
undecidable,which motivatesthe developmentof thehybrid type
checkingalgorithmin thefollowing section.

3. Hybrid TypeChecking for � H

We now describehow to perform hybrid type checkingfor the
language� H . We believe this generalapproachextendsto other
languageswith similarly expressivetypesystems.

Hybrid typecheckingrelieson analgorithmfor conservatively
approximatingimplicationbetweenpredicates.We assumethatfor
any conjecturedimplicationE ` s ) t , thisalgorithmreturnsone
of threepossibleresults,which we denoteasfollows:

� ThejudgmentE `
p

alg s ) t meansthealgorithm�nds a proof
thatE ` s ) t .

� ThejudgmentE ` �
alg s ) t meansthealgorithm�nds a proof

thatE 6`s ) t .

� The judgmentE ` ?
alg s ) t meansthealgorithmterminates

due to a timeout without either discovering a proof of either
E ` s ) t or E 6`s ) t .

We lift this 3-valuedalgorithmicimplicationjudgmentE ` a
alg

s ) t (wherea 2 f
p

; � ; ?g) to a 3-valuedalgorithmicsubtyping
judgment:

E ` a
alg S < : T

as shown in Figure6. The subtypingjudgmentbetweenbasere-
�nement typesreducesto a correspondingimplication judgment,
via therule [SA-BASE]. Subtypingbetweenfunctiontypesreduces
to subtypingbetweencorrespondingcontravariantdomainandco-
variantrangetypes,via the rule [SA-ARROW]. This rule usesthe
following conjunctionoperation
 betweenthree-valuedresults:
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Figure 6: Compilation Rules

Compilationof terms E ` s ,! t : T

(x : T) 2 E
E ` x ,! x : T

[C-VAR]

E ` c ,! c : ty(c)
[C-CONST]

E ` S ,! T
E ; x : T ` s ,! t : T 0

E ` (�x :S: s) ,! (�x :T: t) : (x :T ! T 0)
[C-FUN]

E ` s1 ,! t1 : (x :T ! T 0)
E ` s2 ,! t2 #l T

E ` (s1 s2 ) l ,! (t1 t2) l : T 0[x := t2 ]
[C-APP]

E ` S1 ,! T1 E ` S2 ,! T2

E ` s ,! t #l T1

E ` hS1 B S2 i l s ,! hT1 B T2 i l t : T2
[C-CAST]

Compilationandchecking E ` s ,! t #l T

E ` s ,! t : S E `
p

alg S < : T
E ` s ,! t #l T

[CC-OK]

E ` s ,! t : S
E ` ?

alg S < : T
E ` s ,! hS B Ti l t #l T

[CC-CHK]

Compilationof types E ` S ,! T

E ` S1 ,! T1 E; x : T1 ` S2 ,! T2

E ` (x :S1 ! S2 ) ,! (x :T1 ! T2)
[C-ARROW]

E ; x : B ` s ,! t : f y :Bool j t0g
E ` f x :B j sg ,! f x :B j tg

[C-BASE]

SubtypingAlgorithm E ` a
alg S < : T

E ` b
alg T1 < : S1 E; x : T1 ` c

alg S2 < : T2

a = b
 c
E ` a

alg (x :S1 ! S2 ) < : (x :T1 ! T2 )
[SA-ARROW]

E ; x : B ` a
alg s ) t a 2 f

p
; � ; ?g

E ` a
alg f x :B j sg < : f x :B j tg

[SA-BASE]

ImplicationAlgorithm E ` a
alg s ) t

separatealgorithm

If the appropriatesubtyping relation holds for certain between
the domainand rangecomponents(i.e., b = c =

p
), then the

subtypingrelationholdsbetweenthefunctiontypes(i.e., a =
p

).
If theappropriatesubtypingrelationdoesnot hold betweeneither
the correspondingdomainor rangecomponents(i.e., b = � or
c = � ), then the subtypingrelation doesnot hold betweenthe
function types (i.e., a = � ). Otherwise,in the uncertaincase,
subtypingmayhold betweenthefunctiontypes(i.e., a = ?). Thus,
like the implication algorithm, the subtypingalgorithm may not
returna de�nite answerin all cases.

Hybrid type checkingusesthis subtypingalgorithm to type
checkthe sourceprogram,and to simultaneouslyinsertdynamic
caststo compensatefor any inde�nite answersreturnedby the
subtypingalgorithm.We characterizethis processof simultaneous
typecheckingandcastinsertionvia thecompilationjudgment:

E ` s ,! t : T

Here,theenvironmentE providesbindingsfor freevariables,s is
theoriginal sourceprogram,t is a modi�ed versionof theoriginal
programwith additionalcasts,andT is theinferredtypefor t . Since
typescontainterms,weextendthiscompilationprocessto typesvia
thejudgmentE ` S ,! T. Someof thecompilationrulesrely on
theauxiliarycompilationandchecking judgment

E ` s ,! t #l T

This judgmenttakesasinput an environmentE , a sourceterm s,
andadesiredresulttypeT, andchecksthats compilesto a termof
this resulttype.The label l is usedto appropriatelyannotatecasts
insertedby this compilationandcheckingprocess.

Therulesde�ning thesejudgmentsareshown in Figure6.Most
of therulesarestraightforward.Therules[C-VAR] and[C-CONST]
saythatvariablereferencesandconstantsdonot requireadditional
casts.The rule [C-FUN] compilesanabstraction�x : S: t by com-
piling the type S to S0 andcompiling t to t0 of type T, andthen
yielding the compiledabstraction�x : S0: t0 of type x : S0 ! T .
Therule [C-APP] for anapplications1 s2 compiless1 to a termt1

of functiontypex : T ! T 0, andusesthecompilationandcheck-
ing judgmentto ensurethat theargumentterm s2 compilesinto a
term of theappropriateargumenttype T. Therule [C-CAST] for a
casthS1 B S2 i s compilesthetwo typesS1 andS2 into T1 andT2 ,
respectively, andthenusesthecompilationandcheckingjudgment
to ensurethats compilesto a termt of typeexpectedtypeT1 .

Thetwo rulesde�ning thecompilationandcheckingjudgment
E ` s ,! u #l T demonstratethe key idea of hybrid type
checking.Both rulesstartby compilings to a termt of sometype
S. Thecrucialquestionis thenwhetherthis typeS is a subtypeof
theexpecttypeT:

� If thesubtypingalgorithmsucceedsin proving thatS is a sub-
typeof T (i.e., E `

p

alg S < : T), thent is clearlyof thedesired
typeT, andsotherule [CC-OK] returnst asthecompiledform
of s.

� If thesubtypingalgorithmcanshow thatS is not a subtypeof
T (i.e., E ` �

alg S < : T), thentheprogramis rejectedsinceno
compilationrule is applicable.

� Otherwise,in the uncertaincasewhereE ` ?
alg S < : T, the

rule [CC-CHK] insertsthe type casthS B Ti l to dynamically
ensurethatvaluesreturnedby t areactuallyof thedesiredtype
T.

Theserulesfor compilationandcheckingillustratethekey bene�t
of hybrid typechecking– speci�c staticanalysisprobleminstances
(suchasE ` S < : T) thatareundecidableor computationallyin-
tractablecanbe avoidedin a convenientmannersimply by insert-



ing appropriatedynamicchecks.Of course,we shouldnot abuse
this facility, andso ideally thesubtypingalgorithmshouldyield a
preciseanswerin mostcases.However, thecritical contribution of
hybrid typecheckingis that it avoidstheverystrict requirementof
demandinga preciseanswerfor all (arbitrarily complicated)sub-
typingquestions.

Compilationof typesis straightforward.The rule [C-ARROW]
compilesa dependentfunction type x : S ! T by recursively
compiling the typesS andT (in appropriateenvironments)to S0

andT 0 respectively, andthenyielding thecompiledfunction type
x : S0 ! T 0. The rule [C-BASE] compilesa basere�nement type
f x : B j tg by compiling the term t to t0 (whosetype shouldbe a
subtypeof Bool), andthenyielding thecompiledbasere�nement
typef x :B j t0g.

Notethatcheckingthata typeis well-formedis actuallyacom-
pilation processthat returns a well-formed type (possibly with
addedcasts).Thus,we only performcompilationof typeswhere
necessary, at � -abstractionsandcasts,whenwe encounter(possi-
bly ill-formed) typesin thesourceprogram.In particular, thecom-
pilation rulesdo not explicitly checkthat theenvironmentis well-
formed,sincethatwould involve repeatedlycompilingall typesin
that environment.Instead,the compilationrules assumethat the
environmentis well-formed;this assumptionis explicit in thecor-
rectnesstheoremslaterin thepaper.

4. An Example
To illustrate the behavior of the hybrid compilation algorithm,
considera functionserializeM atr ix that serializesan n by m
matrix into an arrayof sizen � m. We extendthe language� H

with two additionalbasetypes:

� Array , thetypeof onedimensionalarrayscontainingintegers.

� Matrix , thetypeof twodimensionalmatrices,againcontaining
integers.

Thefollowing primitive functionsreturnthesizeof anarray;create
a new arrayof thegivensize;andreturnthewidth andheightof a
matrix, respectively:

asize : a:Array ! Int
newArray : n : Int ! f a:Array j asize a = ng

matrixWid th : a:Matrix ! Int
matrixHeig ht : a:Matrix ! Int

We introducethe following typeabbreviationsto denotearraysof
sizen andmatricesof sizen by m:

Array n
def= f a:Array j (asize a = n)g

Matrix n;m
def= f a:Matrix j

�
matrixWidt h a = n

^ matrixHeig ht a = m

�
g

Theshorthandt asl T ensuresthatthetermt hastypeT by passing
t asanargumentto theidentity functionof typeT ! T:

t asl T def= (( �x :T: x) t) l

We now de�ne thefunctionserializeMa tr ix as:

�
�n : Int : �m : Int : �a :Matrix n;m :

let r = newArray e in : : : ; r

�
asl T

Theelidedterm: : : initializesthenew arrayr with thecontentsof
thematrix a, andwe will considerseveralpossibilitiesfor thesize
expressione. ThetypeT is thespeci�cationof serialize Matri x:

T def= (n : Int ! m : Int ! Matrix n;m ! Array n � m )

For this declarationto typecheck,theinferredtypeArray e of
thefunction's bodymustbea subtypeof thedeclaredreturntype:

n : Int ; m : Int ` Array e < : Array n � m

Checkingthissubtyperelationreducesto checkingtheimplication:

n : Int ; m : Int ; a : Array ` (asize a = e)
) (asize a = (n � m))

which in turn reducesto checkingtheequality:

8n; m 2 Int : e = n � m

The implication checkingalgorithmmight usean automatictheo-
remprover (e.g., [12, 6]) to verify or refutesuchconjecturedequal-
ities.

We now considerthreepossibilitiesfor theexpressione.

1. If e is theexpressionn � m, theequalityis trivially true,and
theprogramcompileswithout any additionalcasts.

2. If e is m � n (i.e., theorderof themultiplicandsis reversed),
andtheunderlyingtheoremprover canverify

8n; m 2 Int : m � n = n � m

thenagainno castsarenecessary. Note that a theoremprover
thatis notcompletefor arbitrarymultiplicationsmightstill have
a speci�c axiomaboutthecommutativity of multiplication.

If the theoremprover is too limited to verify this equality, the
hybrid typecheckerwill still acceptthis program.However, to
compensatefor thelimitationsof thetheoremprover, thehybrid
typecheckerwill insertaredundantcast,yielding thecompiled
function (wheredue to spaceconstraintswe have elided the
sourcetypeof thecast):
�

h�� � B Ti l
�

�n : Int : �m : Int : �a :Matrix n;m :
let r = newArray e in : : : ; r

��
asl T

This termcanbeoptimized,via [E-� ] and[E-CAST-F] stepsand
via removal of clearlyredundanthInt B Int i casts,to:

�n : Int : �m : Int : �a :Matrix n;m :
let r = newArray (m � n) in

: : : ;
hArray m � n B Array n � m i l r

The remainingcast checksthat the result value r is of the
declaredreturntypeArray n � m , whichreducesto dynamically
checkingthatthepredicate:

asize r = n � m

evaluatesto true , which it does.

3. Finally, if e is erroneouslym � m, thefunctionis ill-typed. By
performingrandomor directed[18] testingof several values
for n andm until it �nds a counterexample,thetheoremprover
might reasonablyrefutetheconjecturedequality:

8n; m 2 Int : m � m = n � m

In this case,thehybrid typecheckerreportsa statictypeerror.

Conversely, if the theoremprover is too limited to refute the
conjecturedequality, thenthehybrid typecheckerwill produce
(afteroptimization)thecompiledprogram:

�n : Int : �m : Int : �a :Matrix n;m :
let r = newArray (m � m) in

: : : ;
hArray m � m B Array n � m i l r

If this function is ever called with argumentsfor which m �
m 6= n � m, thenthecastwill detectthetypeerror. Moreover,



Figure 7: Well-formed Envir onments

Well-formedenvironment ` E

` ;
[WE-EM PTY]

` E E ` T
` E ; x : T

[WE-EXT]

the castlabel l will identify the asl constructin the original
programasthe locationof this type error, thus indicatingthat
theoriginal de�nition of serialize Matrix did not satisfyits
speci�cation.

Note that prior work on practicaldependenttypes[45] could
not handleany of thesecases,since the type T usesnon-linear
arithmeticexpressions.In contrast,case2 of this exampledemon-
stratesthatevenfairly partialtechniquesfor reasoningaboutcom-
plex speci�cations(e.g., commutativity of multiplication, random
testingof equalities)canfacilitatestaticdetectionof defects.Fur-
thermore,even though catchingerrors at compile time is ideal,
catchingerrorsat run time(asin case3) is still clearlyanimprove-
mentover not detectingtheseerrorsat all, andgettingsubsequent
crashesor incorrectresults.

5. Correctness
Wenow studywhatcorrectnesspropertiesareguaranteedby hybrid
type checking,startingwith the type system,which provides the
speci�cationfor ourhybridcompilationalgorithm.

5.1 Corr ectnessof the Type System

As usual,a term is consideredto be in normal form if it does
not reduceto any subsequentterm, and a value v is either a � -
abstractionor aconstant.Weassumethatthefunctionty mapseach
constantto anappropriatetype,in thefollowing sense:

ASSUMPTION 1 (Typesof Constants).For each c 2 Constant:

� c hasa well-formedtype,i.e. ; ` ty(c).
� If c is a primitive function then it cannot get stuck and its

operationalbehavioris compatiblewith its type,i.e.
if E ` c v : T then[[c]](v) is de�ned
if E ` c t : T and[[c]](t ) is de�nedthenE ` [[c]](t ) : T .

� If c is a basicconstantthenit is a memberof its type,which is
a singletontype,i.e.

if ty(c) = f x :B j tg thent[x := c] � ! � true
if ty(c) = f x :B j tg then8c0 2 Constant:
t [x := c0] � ! � true impliesc = c0

Thetypesystemsatis�esthefollowing typepreservationor sub-
ject reductionproperty[43]. This theoremincludesa requirement
that theenvironmentE is well-formed(` E ), a notion that is de-
�ned in Figure7. Notethatthetyperulesdo not refer to this judg-
ment directly in order to yield a closercorrespondencewith the
compilationrules.

THEOREM 2 (Preservation).
If ` E andE ` s : T ands � ! t thenE ` t : T.

PROOF: By inductionon thetyping derivationE ` s : T, based
on theusualsubstitutionlemma. �

The type systemalso satis�es the progressproperty, with the
caveatthat type castsmay fail. A failed castis onethat either(1)
castsa basicconstantto a function type, (2) castsa function to
a basere�nement type,or (3) castsa constantto an incompatible
re�nementtype(i.e., onewith adifferentbasetypeor anincompat-
ible predicate)

DEFINITION 3 (FailedCasts).A failedcastis oneof:

1. hfx :B j sg B (x :T1 ! T2)i l v.
2. h(x :T1 ! T2 ) B f x :B j sgi l v.
3. hfx :B 1 j t1g B f x :B 2 j t2gi l c unlessB 1 = B2 and

t2 [x := c] � ! � true

THEOREM 4 (Progress).
Everywell-typed,closednormalform is eithera valueor contains
a failedcast.

PROOF: By inductionof the derivation showing that the normal
form is well-typed. �

5.2 TypeCorr ectnessof Compilation

Sincehybrid typecheckingrelieson necessarilyincompletealgo-
rithmsfor subtypingandimplication,wenext investigatewhatcor-
rectnesspropertiesareguaranteedby this compilationprocess.

We assumethe 3-valued algorithm for checking implication
betweenbooleantermsis soundin thefollowing sense:

ASSUMPTION 5 (Soundnessof E ` a
alg s ) t). Supposè E .

1. If E `
p

alg s ) t thenE ` s ) t .

2. If E ` �
alg s ) t thenE 6`s ) t .

Notethat this algorithmdoesnot needto becomplete(indeed,
anextremelynaivealgorithmcouldsimplyreturnE ` ?

alg s < : t in
all cases).A consequenceof thesoundnessof theimplicationalgo-
rithm is that the algorithmicsubtypingjudgmentE ` alg S < : T
is alsosound.

LEMMA 6 (Soundnessof E ` a
alg S < : T). Supposè E .

1. If E `
p

alg S < : T thenE ` S < : T.

2. If E ` �
alg S < : T thenE 6`S < : T.

PROOF: By inductiononderivationsusingAssumption5. �

Becasuealgorithmicsubtypingis sound,thehybridcompilation
algorithmgeneratesonly well-typedprograms:

LEMMA 7 (CompilationSoundness).Supposè E .

1. If E ` t ,! t0 : T thenE ` t0 : T .
2. If E ` t ,! t0 # T andE ` T thenE ` t0 : T .
3. If E ` T ,! T 0 thenE ` T 0.

PROOF: By inductiononcompilationderivations. �

Sincethegeneratedcodeis well-typed,standardtype-directed
compilationand optimizationtechniques[39, 31] areapplicable.
Furthermore,thegeneratedcodeincludesall thetypespeci�cations
presentin theoriginal program,andso by thePreservationTheo-
rem thesespeci�cationswill never be violated at run time. Any
attemptto violatea speci�cationis detectedvia a combinationof
staticchecking(wherepossible)anddynamicchecking(only when
necessary).



Figure 8: UpCast Insertion

Upcastinsertion E ` s ' t

E ` t ' t
[UP-REFL]

E ` t1 ' t2 E ` t2 ' t3

E ` t1 ' t3
[UP-TRANS]

E ` S < : T
E ` t ' hS B Ti t

[UP-ADD]

E ` t ' �x :T: t x
[UP-ETA]

E ` (�x :S: t) ' (�x :T: t)
[UP-FUNTY]

E ; x : T ` s ' t
E ` (�x :T: s) ' (�x :T: t)

[UP-FUNBODY]

E ` s ' s0

E ` s t ' s0 t
[UP-APPL]

E ` t ' t0

E ` s t ' s t0 [UP-APPR]

E ` S = S0

E ` hS B Ti s ' hS0 B Ti l s
[UP-CASTL]

E ` T = T 0

E ` hS B Ti s ' hS B T 0i l s
[UP-CASTR]

E ` s ' t
E ` hS B Ti s ' hS B Ti l t

[UP-CASTBODY]

5.3 Bisimulation

In this section we prove that compilation doesnot changethe
meaningof well-typedprograms,sothattheoriginalandcompiled
programsarebehaviorally equivalent,or bisimilar.

As a �rst steptowardsde�ning this bisimulationrelation, the
cast insertion relation ' shown in Figure 8 characterizessome
aspectsof the relationshipbetweensourceand compiled terms.
The rule [UP-ADDCAST] statesthat, if E ` S < : T, then the
casthS B Ti is redundant,and any term t is consideredto be
' -equivalent to hS B Ti t . Note that this rule requiresthat we
trackthecurrentenvironment.Theremainingrulesimplementthe
re�exive-transitive-compatibleclosureof this rule, updating the
currentenvironmentasappropriate.Therule [UP-ETA] alsoallows
for � -expansion,which is in part performedby the evaluation
rule [E-CAST-FN] for functioncasts.

As atechnicalrequirement,weassumethatapplicationof prim-
itive functionspreserves' -equivalence:

ASSUMPTION 8 (ConstantBisimulation).For all primitive func-
tionsc, if s ' t then[[c]](s) ' [[c]](t ).

ThedesiredbisimulationrelationR is thenobtainedbystrength-
eningthecastinsertionrelationwith theadditionalrequirementthat
boththeoriginalprogramandcompiledprogramsarewell-typed:

R = f (s; t) j s ' t and9S: ; ` s : S and9T: ; ` t : Tg

This relationR is a bisimulationrelation,i.e., if R(s; t) holdsthen
s andt exhibit equivalentbehavior.

LEMMA 9 (Bisimulation).SupposeR(s; t).

1. If s � ! s0 then9t0 such that t � ! � t0 andR(s0; t0).
2. If t � ! t0 then9s0 such that s � ! � s0 andR(s0; t0).

PROOF: By inductiononthecastinsertionderivation. �

Finally, we prove that the compilationE ` s ,! t : T of
a well-typedprograms yields a bisimilar programt. Proving this
propertyrequiresaninductivehypothesisthatalsocharacterizesthe
compilationrelationsE ` s ,! t # T andE ` S ,! T.

LEMMA 10 (Compilationis Upcasting).Supposè E .

1. If E ` s : S and E ` s ,! t : T thenE ` T < : S and
E ` s ' t .

2. If E ` s : S andE ` s ,! t # T andE ` S < : T then
E ` s ' t .

3. If E ` S andE ` S ,! T thenE ` S = T.

PROOF: By inductiononcompilationderivations. �

It followsthatcompilationdoesnotchangethebehavior of well-
typedprograms.

LEMMA 11 (Correctnessof Compilation).Suppose; ` s : S
and; ` s ,! t : T .

1. If s � ! � s0 then9t0 such that t � ! � t0 ands0 ' t0.
2. If t � ! � t0 then9s0 such that s � ! � s0 ands0 ' t0.

PROOF: By Lemma10,s ' t . Also, t is well-typedby Lemma7,
ands is alsowell-typed,soR(s; t). The �rst casethenfollows by
inductionon the lengthof the reductionsequences � ! � s0. The
basecaseclearlyholds.For theinductive case,if s � ! s0 thenby
Lemma9 9t0 suchthatt � ! � t0 ands0 ' t0. Furthermore,by the
PreservationTheorem,s0 andt0 arewell-typed,andsoR(s; t). The
secondcaseis similar. �

From part 3 of Lemma10, compilationof a well-formedtype
yieldsanequivalenttype.It follows via a straightforwardinduction
that the compilation algorithm is guaranteedto acceptall well-
typedprograms.

LEMMA 12 (CompilationCompleteness).Supposè E .

1. If E ` s : S then9t; T such that E ` s ,! t : T .
2. If E ` s : S and E ` S < : T then9t such that E ` s ,!

t # T.
3. If E ` S then9T such that E ` S ,! T.

PROOF: By inductionontypingderivations. �

6. Static Checkingvs.Hybrid Checking
Giventheprovenbene�tsof traditional,purely-statictypesystems,
animportantquestionthatarisesis how hybrid typecheckersrelate
to conventionalstatictypecheckers.

To study this question,we assumethe statictype checkertar-
getsa restrictedsubsetof � H for which typecheckingis statically
decidable.Speci�cally, we assumethereexistsa subsetD of Term
suchthatfor all t1 ; t2 2 D andfor all environmentsE (containing



only D-terms),thejudgmentE ` t1 ) t2 is decidable.We intro-
ducethelanguage� S that is obtainedfrom � H by only permitting
D-termsin re�nementtypes.

As anextreme,we couldtakeD = f true g, in which casethe
� S typelanguageis essentially:

T ::= B j T ! T

However, to yield a moregeneralargument,we assumeonly that
D is a subsetof Term for which implication is decidable.It then
followsthatsubtypingandtypecheckingfor � S arealsodecidable,
andwe denotethis typecheckingjudgmentasE ` S t : T .

Clearly, the hybrid implication algorithmcangive precisean-
swers on (decidable)D-terms, and so we assumethat for all
t1 ; t2 2 D andfor all environmentsE , thejudgmentE ` a

alg t1 )
t2 holdsfor somea 2 f

p
; �g . Underthisassumption,hybrid type

checkingbehavesidenticallyto statictypecheckingon(well-typed
or ill-typed) � S programs.

THEOREM 13. For all � S termst, � S environmentsE , and � S

typesT, thefollowing threestatementsareequivalent:

1. E ` S t : T
2. E ` t : T
3. E ` t ,! t : T

PROOF: Thehybridimplicationalgorithmis completeonD-terms,
andhencethehybridsubtypingalgorithmis completefor � S types.
Theproof thenfollows by inductionon typingderivations. �

Thus,to a � S programmer, a hybrid typecheckerbehavesexactly
like a traditionalstatictypechecker.

We now comparestatic and hybrid type checking from the
perspective of a � H programmer. To enablethis comparison,we
needto mapexpressive� H typesinto themorerestrictive � S types,
andin particularto maparbitrarybooleantermsinto D-terms.We
assumethecomputablefunction


 : Term! D

performsthis mapping.The function erasethenmaps� H re�ne-
menttypesto � S re�nement typesby using
 to abstractboolean
terms:

erasef x :B j tg = f x :B j 
 (t )g

We extenderasein a compatiblemannerto map� H types,terms,
andenvironmentsto corresponding� S types,terms,andenviron-
ments.Thus,for any � H programP, this functionyieldsthecorre-
sponding� S programerase(P ).

As mightbeexpected,theerasefunctionmustloseinformation,
with theconsequencethatfor any computablemapping
 thereex-
istssomeprogramP suchthathybrid typecheckingof P performs
betterthan static type checkingof erase(P ). In otherwords,be-
causethehybrid typecheckersupportsmoreprecisespeci�cations,
it performsbetterthana traditionalstatictypechecker, which nec-
essarilymustwork with lessprecisebut decidablespeci�cations.

THEOREM 14. For anycomputablemapping
 either:

1. thestatic typechecker rejectstheerasedversionof somewell-
typed� H program,or

2. the static typechecker acceptsthe erasedversionof someill-
typed � H program for which the hybrid type checker would
staticallydetecttheerror.

PROOF: Let E betheenvironmentx : Int .
By reductionfrom thehaltingproblem,thejudgmentE ` t )

false for arbitrarybooleantermst is undecidable.However, the

implication judgmentE ` 
 (t) ) 
 (false ) is decidable.Hence
thesetwo judgmentsarenotequivalent,i.e.:

f t j (E ` t ) false )g 6= f t j (E ` 
 (t ) ) 
 (false ))g

It follows that theremustexists somewitnessw that is in oneof
thesesetsbut not theother, andsooneof the following two cases
musthold.

1. Suppose:
E ` w ) false
E 6`
 (w) ) 
 (false )

We constructasa counter-exampletheprogramP1 :

P1 = �x : f x : Int j wg: (x as f x : Int j false g)

FromtheassumptionE ` w ) false thesubtypingjudgment

; ` f x : Int j wg < : f x : Int j false g

holds.Hence,P1 is well-typed,andby Lemma12 acceptedby
thehybrid typechecker.

; ` P1 : f x : Int j wg ! f x : Int j false g

However, from the assumptionE 6` 
 (w) ) 
 (false ) the
erasedversionof thesubtypingjudgmentdoesnothold:

; 6`erase(f x : Int j wg) < : erase(f x : Int j false g)

Henceerase(P1) is ill-typed and rejectedby the static type
checker.

8T: ; 6`S erase(P1) : T

2. Conversely, suppose:

E 6`w ) false
E ` 
 (w) ) 
 (false )

Fromthe�rst suppositionandby thede�nition of theimplica-
tion judgment,thereexistsintegersn andm suchthat

w[x := n] � ! m true

We now constructasacounter-exampletheprogramP2 :

P2 = �x : f x : Int j wg: (x as f x : Int j false ^ (n = m)g)

In theprogramP2 , theterm n = m hasno semanticmeaning
sinceit is conjoinedwith false . Thepurposeof this termis to
serveonly asa“hint” to thefollowing rule for refutingimplica-
tions(whichwe assumeis includedin thereasoningperformed
by theimplicationalgorithm).In this rule, theintegersa andb
serve ashints,andtaketheplaceof randomlygeneratedvalues
for testingif t everevaluatesto true .

t [x := a] � ! b true

E ` �
alg t ) (false ^ a = b)

This ruleenablestheimplicationalgorithmto concludethat:

E ` �
alg w ) false ^ (n = m)

Hence,thesubtypingalgorithmcanconclude:

` �
alg f x : Int j wg < : f x : Int j false ^ (n = m)g

Therefore,thehybridtypecheckerrejectsP2, whichby Lemma12
is thereforeill-typed.

8P; T: 6`P2 ,! P : T

We next considerhow the static type checkerbehaveson the
program erase(P2). We consider two cases,dependingon
whetherthefollowing implicationjudgementholds:

E ` 
 (false ) ) 
 (false ^ (n = m))



(a) If this judgmentholdsthenby thetransitivity of implication
andtheassumptionE ` 
 (w) ) 
 (false ) we have that:

E ` 
 (w) ) 
 (false ^ (n = m))

Hencethesubtypingjudgement

; ` f x : Int j 
 (w)g < : f x : Int j 
 (false ^ (n = m))g

holdsand the programerase(P2) is acceptedby the static
typechecker:

; ` erase(P2) : f x : Int j 
 (w)g !
f x : Int j 
 (false ^ (n = m))g

(b) If the above judgmentdoesnot hold then consideras a
counter-exampletheprogramP3 :

P3 = �x : f x : Int jfalse g:
(x as f x : Int j false ^ (n = m)g)

This programis well-typed,from thesubtypejudgment:

; ` f x : Int j false g < : f x : Int j false ^ (n = m)g

However, theerasedversionof this subtypejudgmentdoes
nothold:

; 6` erase(f x : Int jfalse g)
< : erase(f x : Int j false ^ (n = m)g)

Hence,erase(P3) is rejectedby thestatictypechecker:

8T: ; 6`S erase(P3) : T�

7. RelatedWork
Much prior work hasfocusedon dynamiccheckingof expressive
speci�cations,or contracts[30, 14,26, 19, 24, 27, 36, 25]. An en-
tire designphilosophy, Contract OrientedDesign, hasbeenbased
on dynamically-checked speci�cations.Hybrid typecheckingem-
bracesprecisespeci�cations, but extends prior purely-dynamic
techniquesto verify (or detectviolations of) expressive speci�-
cationsstatically, whereverpossible.

The programminglanguageEiffel [30] supportsa notion of
hybridspeci�cationsby providing bothstatically-checkedtypesas
well asdynamically-checkedcontracts.Having separate(staticand
dynamic)speci�cation languagesis somewhat awkward, sinceit
requirestheprogrammerto factoreachspeci�cationinto its static
anddynamiccomponents.Furthermore,the factoringis too rigid,
sincethe speci�cationneedsto be manuallyrefactoredto exploit
improvementsin staticcheckingtechnology.

Other authors have consideredpragmatic combinationsof
both static and dynamic checking.Abadi, Cardelli, Pierceand
Plotkin [1] extendeda statictypesystemwith a typeDynamicthat
couldbeexplicitly castto andfrom any othertype(with appropri-
aterun-timechecks).Hengleincharacterizedthe completionpro-
cessof insertingthenecessarycoercions,andpresentedarewriting
systemfor generatingminimal completions[22]. Thattedeveloped
a similar systemin which the necessarycastsare implicit [38].
Thesesystemsare intendedto supportloosertype speci�cations.
In contrast,our work usessimilar, automatically-insertedcaststo
supportmoreprecisetypespeci�cations.An interestingavenuefor
further explorationis the combinationof both approachesto sup-
port a large rangeof speci�cations,from Dynamic at oneendto
precisehybrid-checkedspeci�cationsat theother.

Researchon advancedtype systemshasin�uenced our choice
of how to expressprograminvariants.In particular, Freemanand
Pfenning[17] extendedML with anotherform of re�nementtypes.
They donotsupportarbitraryre�nementpredicates,sincetheirsys-
temprovidesboth decidabletypecheckingandtype inference.Xi
andPfenninghave exploredthepracticalapplicationof dependent

typesin an extensionof ML calledDependentML [45, 44]. De-
cidability of typecheckingis preservedby appropriatelyrestricting
which termscanappearin types.Despitetheserestrictions,anum-
berof interestingexamplescanbeexpressedin DependentML.

In recentwork, Ou,Tan,Mandelbaum,andWalkerdevelopeda
typesystemsimilar to oursthatcombinesdynamiccheckswith re-
�nement anddependenttypes[35]. They leveragedynamicchecks
to reducetheneedfor precisetypeannotationsin explicitly labeled
regionsof programs.Unlike ourapproach,their typesystemis de-
cidable,sincethey do not supportarbitraryre�nementpredicates.
Their systemcanalsohandlemutabledata.

The static checking tool ESC/Java [16] checks expressive
JML speci�cations[8, 26] using the Simplify automatictheorem
prover [12]. However, Simplify doesnot distinguishbetweenfail-
ing to prove a theoremand�nding a counter-examplethat refutes
thetheorem,andsoESC/Java's errormessagesmaybecausedei-
therby incorrectprogramsor by limitationsin its theoremprover.

Thelimitationsof purely-staticandpurely-dynamicapproaches
have alsomotivatedotherwork on hybrid analyses.For example,
CCured[33] is a sophisticatedhybrid analysisfor preventing the
ubiqutousarrayboundsviolationsin theC programminglanguage.
Unlike our proposedapproach,it doesnot detecterrorsstatically-
instead,thestaticanalysisisusedto optimizetherun-timeanalysis.
Specializedhybridanalyseshavebeenproposedfor otherproblems
aswell, suchasdataraceconditionchecking[41, 34, 2].

Prior work (e.g. [7]) introducedandstudiedimplicit coercions
in typesystems.Notethatthereareno implicit coercionsin the� H

typesystemitself,but only in thecompilationalgorithm,andsowe
do not needa coherencetheoremfor � H , but insteadreasonabout
theconnectionbetweenthetypesystemandcompilationalgorithm.

8. Conclusionsand Future Work
Precisespeci�cationsareessentialfor modularsoftwaredevelop-
ment.Hybrid type checkingappearsto be a promisingapproach
for providinghighcoveragecheckingof precisespeci�cations.This
paperexploreshybrid typecheckingin theidealizedcontext of the
� -calculus,andhighlightssomeof thekey principlesandimplica-
tionsof hybrid typechecking.

Many areasremain to be explored,suchas how hybrid type
checkinginteractswith the many featuresof realistic program-
ming languages,suchas records,variants,recursive types,poly-
morphism,type operators,side-effects, exceptions,objects,con-
currency, etc. Our initial investigationssuggeststhat hybrid type
checking can be extendedto support theseadditional features,
thoughwith somerestrictions.In an imperative context, we might
requirethatre�nementpredicatesbepure [45].

Another importantareaof investigationis type inferencefor
hybrid type systems.A promising approachis to develop type
inferencealgorithmsthat infer most type annotations,and to use
occasionaldynamicchecksto compensatefor limitations in the
typeinferencealgorithm.

In termsof softwaredeployment,animportanttopic is recovery
methodsfor post-deploymentcastfailures;transactionalroll-back
mechanisms[21, 40] may be useful in this regard. Hybrid type
checkingmay alsoallow precisetypesto be preservedduring the
compilationanddistribution process,via techniquessuchasproof-
carryingcode[32] andtypedassemblylanguage[31].
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A. Proofsfrom Subsection5.1
LEMMA 15 (Weakening).Suppose

E = E1 ; E2

E 0 = E1 ; x : P; E2

Then:

1. If E 0 j= (� ; x := t) thenE j= � .
2. If E ` s ) t thenE 0 ` s ) t .
3. If E ` S < : T thenE 0 ` S < : T.
4. If E ` t : T thenE 0 ` t : T .
5. If E ` T thenE 0 ` T.

PROOF: By simultaneousinductionon typingderivations. �

LEMMA 16 (Narrowing). Suppose

E1 ` P < : Q
E = E1 ; x : Q; E2

E 0 = E1 ; x : P; E2

Then:

1. If E 0 j= � thenE j= � .
2. If E ` s ) t thenE 0 ` s ) t .
3. If E ` S < : T thenE 0 ` S < : T.
4. If E ` t : T thenE 0 ` t : T .
5. If E ` T thenE 0 ` T.

PROOF: By simultaneousinductionon typingderivations. �

LEMMA 17. Subtypingis re�exively-transitivelyclosed:

1. E ` T < : T.
2. If E ` T1 < : T2 andE ` T2 < : T3 thenE ` T1 < : T3 .

PROOF: By inductionon typingderivations. �

LEMMA 18 (Substitution).Suppose

E1 ` s : S
� = (x := s)
E = E1 ; x : S; E2

E 0 = E1 ; � E2

Then:

1. If E 0 j= (� 1 ; � 2 ) wherejE1 j = j� 1 j then
E j= (� 1 ; x := � 1(s); � 2).

2. If E ` t1 ) t2 thenE 0 ` � t1 ) � t2 .
3. If E ` T1 < : T2 thenE 0 ` � T1 < : � T2 .
4. If E ` T thenE 0 ` � T .
5. If E ` t : T thenE 0 ` � t : � T .

PROOF: By simultaneousinductionon typingderivations. �

LEMMA 19 (CanonicalForms). If ` v : (x : T1 ! T2) then
either

1. v = �x :S: s and` T1 < : S andx : S ` s : T2 , or
2. v is a constantandty(c) is a subtypeof x :T1 ! T2 .

B. Proofsfrom Subsection5.2

C. Proofsfrom Subsection5.3
LEMMA 20 (UpCastSubstitution).
If E ; x : T ` s ' s0 and E ` t ' t0 thenE ` s[x := t] '

s0[x := t0].

PROOF: By inductiononthederivationthats ' s0. �

LEMMA 21 (Inversionof theUpCastRelation).
If �x :S: s ' v thenv = �x :T: t ands ' t .

PROOF: By inductiononthederivation�x :S: s ' v. �

LEMMA 22 (Bisimilar Values).SupposeR(s; t) and s a value.
Then9t0 such that t � ! � t0 andR(s; t0) andt0 a value.

PROOF: By induction on s ' t . All casesare straightforward
exceptfor [UP-ADDCAST], for whichweperformacaseanalysison
thecastedtype. �

LEMMA 23. If ` (E ; x : U) and E ; x : U ` S and E ; x :
U ` S < : T and E ` s : U and E ` s ' t then E `
S[x := s] < : T[x := t].

PROOF: By inductiononthesubtypingderivation. �

RESTATEMENT OF LEMMA 9 (Bisimulation) SupposeR(s; t).

1. If s � ! s0 then9t0 such that t � ! � t0 andR(s0; t0).
2. If t � ! t0 then9s0 such that s � ! � s0 andR(s0; t0).

PROOF: The proof of part 1 is by induction on derivation that
s ' t .

� [UP-REFL] This caseclearlyholds.

� [UP-TRANS] Supposes ' t via s ' u and u ' t . By
induction9u0 suchthatu � ! � u0 ands0 ' u0. Therefore(by
an additionalinductionargumentof the lengthof u � ! � u0)
9t0 suchthatt � ! � t0 andu0 ' t0. Hences0 ' t0.

� [UP-ETA] Supposet = �x : T: s x. Taket0 = �x : T: s0 x and
thens0 ' t0 andt � ! t0.

� [UP-FUNTY], [UP-FUNBODY] Contradictsassumptionthat s is
reducible.

� [UP-ADD] Supposet = hS B Ti s. Taket0 = hS B Ti s0 and
thens0 ' t0 andt � ! t0.

� [UP-CASTL] Supposes = hSB Ti s1 ' hS0B Ti s1 = t where
` S = S0. We performa castanalysison s � ! s0.

[E-COM PAT] Supposes � ! hS B Ti s0
1 becauses1 � ! s0

1 .
Taket0 = hS0 B Ti s0

1 andthens0 ' t0 andt � ! t0.

[E-CAST-F] Suppose

s = hx :S1 ! S2 B x :T1 ! T2 i s1

� ! s0 = �x :T1 : hS2 B T2 i l (t (hT1 B S1 i l x))

whereS0 = x : S0
1 ! S0

2 and` S1 = S0
1 and` S2 = S0

2 .
Taket0 = �x :T1 : hS0

2 B T2 i l (t (hT1 B S0
1 i l x)) andthen

s0 ' t0 andt � ! t0.

[E-CAST-C] Supposes = hS B f x : B j tgi c � ! c = s0

becauset[x := c] � ! � true . Taket0 = c andthens0 ' t0

andt � ! t0.

� [UP-CASTR] Similar to [UP-CASTL].

� [UP-APPR] Supposes = s1 s2 ' s1 t2 = t becauses2 ' t2 .
We performa castanalysison s � ! s0.

[E-COM PAT] Straightforward.

[E-� ] Supposes = (�x : S: s3) s2 � ! s0 = s3 [x := s2 ].
Take t0 = s3 [x := t2 ] and by Lemma20 we have that
s0 ' t0 andt � ! t0.

[E-PRIM] Supposes = c s2 � ! s0 = [[c]] s2 . Take
t0 = [[c]] t2 and by Assumption8 we have that s0 ' t0

andt � ! t0.



� [UP-APPL] Supposes = s1 s2 ' t1 s2 = t becauses1 ' t1 .
We performa castanalysison s � ! s0.

[E-COM PAT] Straightforward.

[E-� ] Supposes = (�x : S:s3) s2 � ! s0 = s3 [x := s2 ].
By Lemma21, t1 = �x : T: t3 ands3 ' t3 . Take t0 =
t3 [x := s2 ] andthenby Lemma20 we have thats0 ' t0

andt � ! t0.

[E-PRIM] Supposes = c s2 � ! s0 = [[c]] s2 . We prove by
inductionon thederivation that c ' t 1 that thereexists t0

suchthatt1 s2 � ! � t0 ' c s2 .

� [UP-REFL], [UP-TRANS] Straightforward.

� [UP-ETA] Supposet1 = �x :T: cx thent1 s2 � ! c s2 .

� [UP-ADD] Supposet1 = hS B Ti c. Sinces is well-
typed,c musthave a function type,andsincet is well-
typedt1 mustbea functioncast.Hence

t = (hx :S1 ! S2 B x :T1 ! T2 i c) s2

� ! (�x :T1 : hS2 B T2 i l (c (hT1 B S1 i l x)) ) s2

� ! hS2 B T2 i l (c (hT1 B S1 i l s2))
= t0 ' c s2

� No otherrulesareapplicable.

� [UP-CASTBODY] Supposes = hS B Ti s1 ' hS B Ti t1 = t
becauses1 ' t1 . We performa castanalysisons � ! s0.

[E-COM PAT] Straightforward.

[E-CAST-F] Suppose

s = hx :S1 ! S2 B x :T1 ! T2 i s1

� ! �x :T1 : hS2 B T2 i l (s1 (hT1 B S1 i l x))

Taket0 = �x :T1 : hS2 B T2 i l (t1 (hT1 B S1 i l x)) andthen
s0 ' t0 andt � ! t0.

[E-CAST-C] Supposes = hS B f x : B j tgi c � ! c = s0

becauset[x := c] � ! � true , wheres1 = c. By this
bisimulationlemma,t[x := t1 ] � ! � true , andso s =
hS B f x : B j tgi t1 � ! t1 . Taket0 = t1 andthens0 ' t0

andt � ! t0.

Theproofof part2 of Lemma9 is againby inductionon derivation
thats ' t .

� [UP-REFL] This caseclearlyholds.

� [UP-TRANS] Supposes ' t via s ' u and u ' t . By
induction9u0 suchthatu � ! � u0 andu0 ' t0. Therefore(by
an additionalinductionargumentof the lengthof u � ! � u0)
9s0 suchthats � ! � s0 ands0 ' u0. Hences0 ' t0.

� [UP-ETA], [UP-FUNTY], [UP-FUNBODY] Contradictsassumption
thatt is reducible.

� [UP-ADD] Supposet = hS B Ti s1 where ` S < : T. We
performa castanalysisont � ! t0.

[E-COM PAT] Straightforward.

[E-CAST-F] Suppose

t = hx :S1 ! S2 B x :T1 ! T2 i s1

� ! t0 = �x :T1 : hS2 B T2 i l (s1 (hT1 B S1 i l x))

where` T1 < : S1 andx : T1 ` S2 < : T2 . Takes0 = s
andthens0 ' t0.

[E-CAST-C] Supposet = hS B f x : B j t1gi c � ! c = t0.
Thens = c. Takes0 = s.

� [UP-APPL] Supposes = s1 s2 ' t1 s2 = t becauses1 ' t1 .
We performa castanalysison t � ! t0.

[E-COM PAT] Straightforward.

[E-� ] Supposet = (�x : S: t3) s2 � ! t0 = t3 [x := s2 ].
We prove by induction on the derivation that s1 ' t1 =
lamxS t3 thatthereexistss0 suchthats1 s2 � ! � s0 ' t0.

� [UP-REFL], [UP-TRANS], [UP-FUNTY], [UP-FUNBODY]
Straightforward.

� [UP-ETA] Thent3 = s1 x. Takes0 = s andthens0 ' t0.

� No otherrulesareapplicable.

E-PrimSupposet = c s2 � ! t0 = [[c]] s2 . Thens1 = t1 =
c andthiscaseclearlyholds.

� [UP-APPR] Supposes = s1 s2 ' s1 t2 = t becauses2 ' t2 .
We performa castanalysison t � ! t0.

[E-COM PAT] Straightforward.

[E-� ] Supposet = (�x : S: s3) t2 � ! t0 = s3 [x := t2 ].
Takes0 = s3 [x := s2 ] and by Lemma20 we have that
s0 ' t0 ands � ! s0.

[E-PRIM] Supposet = c t2 � ! t0 = [[c]] t2 . Takes0 =
[[c]] s2 and by Assumption8 we have that s0 ' t0 and
s � ! s0.

� [UP-CASTL] Supposes = hSB Ti s1 ' hS0B Ti s1 = t where
` S = S0. We performa castanalysison s � ! s0.

[E-COM PAT] Straightforward.

[E-CAST-F] Suppose

t = hx :S0
1 ! S0

2 B x :T1 ! T2 i s1

� ! t0 = �x :T1 : hS0
2 B T2 i l (t (hT1 B S0

1 i l x))

where S0 = x : S0
1 ! S0

2 and S = x : S1 !
S2 and ` S1 = S0

1 and ` S2 = S0
2 . Take s0 =

�x :T1 : hS2 B T2 i l (t (hT1 B S1 i l x)) and then s0 ' t0

ands � ! s0.

[E-CAST-C] Supposet = hS B f x : B j t1gi c � ! c = t0

becauset1 [x := c] � ! � true . Take s0 = c and then
s0 ' t0 ands � ! s0.

� [UP-CASTR] Similar to [UP-CASTL].

� [UP-CASTBODY] Supposes = hS B Ti s1 ' hS B Ti t1 = t
becauses1 ' t1 . We performacastanalysisons � ! s0.

[E-COM PAT] Straightforward.

[E-CAST-F] Suppose

t = hx :S1 ! S2 B x :T1 ! T2 i t1

� ! �x :T1 : hS2 B T2 i l (t1 (hT1 B S1 i l x))

Take s0 = �x :T1 : hS2 B T2 i l (s1 (hT1 B S1 i l x)) and
thens0 ' t0 ands � ! s0.

[E-CAST-C] Supposet = hS B f x : B j t2gi c � ! c = t0

becauset2 [x := c] � ! � true , wheret1 = c. Thens1 = c.
Takes0 = c andthens0 ' t0 ands � ! s0.

�

RESTATEMENT OF LEMMA 10 (Compilationis Upcasting)Suppose
` E .

1. If E ` s : S and E ` s ,! t : T thenE ` T < : S and
E ` s ' t .

2. If E ` s : S andE ` s ,! t # T andE ` S < : T then
E ` s ' t .



3. If E ` S andE ` S ,! T thenE ` S = T.

PROOF: By simultaneousinductiononcompilationderivations.
Part 1.

� [C-VAR], [C-CONST]. Straightforward.

� [C-FUN] In thiscase

E ` (�x :S: s) ,! (�x :T: t) : (x :T ! T 0)
E ` S ,! T antecedent
E ; x : T ` s ,! t : T 0 antecedent

E ` (�x :S: s) : (x :S ! S0)
E ` S antecedent
E ; x : S ` s : S0 antecedent

E ` S = T induction
E ; x : T ` s : S0 Lemma18
E ; x : T ` s ' t induction
E ` �x :T: s ' �x :T: t [UP-FUNBODY]
E ` �x :S: s ' �x :T: t [UP-FUNTY]

E ; x : T ` T 0 < : S0 induction
E ` (x :T ! T 0) < : (x :S ! S0) [S-ARROW]

� [C-APP] In this case

E ` (s1 s2 ) ,! (t1 t2) : T 0[x := t2 ]
E ` s1 ,! t1 : (x :T ! T 0) antecedent
E ` s2 ,! t2 # T antecedent

E ` s1 s2 : S[x := s2 ]
E ` s1 : (x :S ! S0) antecedent
E ` s2 : S antecedent

E ` s1 ' t1 induction
E ` (x :T ! T 0) < : (x :S ! S0) induction
E ` S < : T [S-ARROW]
E ` s2 ' t2 induction
E ` s1 s2 ' t1 t2 [UP-� � �]
E ; x : S ` T 0 < : S0 [S-ARROW]
E ; x : S ` T 0[x := t2 ] < : S0[x := s2 ] Lemma23

� [C-CAST] In thiscase

E ` hS1 B S2 i s ,! hT1 B T2 i t : T2

E ` S1 ,! T1 antecedent
E ` S2 ,! T2 antecedent
E ` s ,! t #l T1 antecedent

E ` hS1 B S2 i s : S
E ` s : S1 antecedent
E ` S2 : antecedent

E ` S1 = T1 induction
E ` S2 = T2 induction
E ` s ' t induction
E ` hS1 B S2 i s ' hT1 B T2 i t [UP-� � �]

Part 2.

� [CC-OK] In thiscase

E ` s ,! t #T

E ` s ,! t : S0 antecedent
E ` s : S
E ` s ' t induction

� [CC-CHK] In thiscase

E ` s ,! t #T E ` s ,! t : S0 antecedent

E ` s : S
E ` S < : T
E ` s ' t induction
E ` s ' hS B Ti t [UP-ADD]

Part 3.

� [C-BASE] SupposeE ` f x : B j sg ,! f x : B j tg via
E ; x : B ` s ,! t : f y : Bool j t0g. By [WT-BASE]
E ; x : B ` s : Bool . By Lemma7, E ; x : B ` t : Bool.

Let � be any substitutionconsistentwith E ; x : B . Thenby
Lemma20 and18,we have that

` � (s) ,! � (t ) : (f y :Bool j � (t0)g)
` � (s) : Bool
` � (t ) : Bool

HenceR(� (s); � (t )) , andsoby Lemma9, � (s) � ! � true iff
� (t ) � ! � true . Thus

E ; x : B ` s ) t
E ; x : B ` t ) s

HenceE ` f x :B j sg = f x :B j tg.

� [C-ARROW] In thiscase

E ` (x :S1 ! S2) ,! (x :T1 ! T2 )
E ` S1 ,! T1 antecedent
E ; x : T1 ` S2 ,! S2 antecedent

E ` (x :S1 ! S2)
E ` S1 antecedent
E ; x : S1 ` S2 antecedent

E ` S1 = T1 induction
E ; x : T1 ` S2 Lemma18
E ; x : T1 ` S2 = T2 induction
E ` (x :S1 ! S2) < : (x :T1 ! T2 ) [S-ARROW]

E ; x : S1 ` S2 = T2 Lemma18
E ` (x :T1 ! T2) < : (x :S1 ! S2 ) [S-ARROW]

�

RESTATEMENT OF LEMMA 12 (CompilationCompleteness)Suppose
` E .

1. If E ` s : S then9t; T such that E ` s ,! t : T .
2. If E ` s : S and E ` S < : T then9t such that E ` s ,!

t # T.
3. If E ` S then9T such that E ` S ,! T.

PROOF: By inductiononthetypingderivation.

1. � [T-VAR], [T-CONST] Straightforward.

� [T-FUN] In thiscase,thereexistsT; t; T 0 suchthat

E ` (�x :S: s) : (x :S ! S0) conclusion
E ` S antecedent
E ; x : S ` s : S0 antecedent

E ` S ,! T induction
E ` S = T Lemma10
E ; x : T ` s : S0 Lemma18
E ` s ,! t : T 0 induction
E ` (�x :S: s) ,! (�x :T: t) : (x :T ! T 0) [C-FUN]



� [T-APP] In this case,thereexistsT1 ; t; T; T 0 suchthat

E ` s1 s2 : S0[x := s2 ] conclusion
E ` t1 : (x :S ! S0) antecedent
E ` t2 : S antecedent

E ` s1 ,! t1 : T1 induction
E ` T1 < : (x :S ! S0) Lemma10
T1 = (x :T ! T 0) [S-ARROW]
E ` S < : T [S-ARROW]
E ` s2 ,! t2 # T induction
E ` s1 s2 ,! t1 t2 : T 0[x := t2 ] [C-APP]

� [T-CAST] In thiscase,thereexistsT1 ; T2 ; t suchthat

E ` hS1 B S2 i s : S2 conclusion
E ` s : S1 antecedent
E ` S2 antecedent

E ` S1

E ` S1 ,! T1 induction
E ` S2 ,! T2 induction
E ` S1 = T1 Lemma10
E ` s ,! t # T1 induction
E ` hS1 B S2 i s ,! hT1 B T2 i s : T2 [C-CAST]

� [T-SUB] If E ` s : S via [T-SUB] thenE ` s : S0 for
someS0 andthiscaseholdsby induction

2. From E ` s : S by induction there exists t; U such that
E ` s ,! t : U. By Lemma10, E ` U < : S, andby the
transitivity of subtyping,E ` U < : T.

If E `
p

alg U < : T thenE ` s ,! t # T via [CC-OK].

Otherwise,by Lemma6,E ` ?
alg U < : T, andhenceE ` s ,!

hU B Ti t # T via [CC-CHK].

3. [WT-ARROW], [WT-BASE] Straightforward.

�


